In neutrino oscillation with non-standard interactions (NSI) the system is enriched with CP violation caused by phases due to NSI in addition to the standard lepton Kobayashi-Maskawa phase δ. In this paper we show that it is possible to disentangle the two CP violating effects by measurement of muon neutrino appearance by a near-far two detector setting in neutrino factory experiments. Prior to the quantitative analysis we investigate in detail the various features of the neutrino oscillations with NSI, but under the assumption that only one of the NSI elements, ε eµ or ε eτ , is present. They include synergy between the near and the far detectors, the characteristic differences between the ε eµ and ε eτ systems, and in particular, the parameter degeneracy. Finally, we use a concrete setting with the muon energy of 50 GeV and magnetized iron detectors at two baselines, one at L = 3000 km and the other at L = 7000 km, each having a fiducial mass of 50 kton to study the discovery potential of NSI and its CP violation effects. We demonstrate, by assuming 4 × 10 21 useful muon decays for both polarities, that one can identify non-standard CP violation down to |ε eµ | ≃ a few × 10 −3 , and |ε eτ | ≃ 10 −2 at 3σ CL for θ 13 down to sin 2 2θ 13 = 10 −4 in most of the region of δ. The impact of the existence of NSI on the measurement of δ and the mass hierarchy is also worked out.
I. INTRODUCTION
Discovery and establishment of neutrino mass and the lepton flavor mixing [1] by the atmospheric, the solar, and the reactor experiments [2] triggers a tantalizing question of whether neutrinos have interactions outside the Standard Model of particle physics. In fact, the possibility has been extensively discussed starting from the early works in [3, 4, 5, 6] and in conjunction with expectation of new physics at TeV energy scale [7, 8] .
To our current understanding, one of the most significant features of fundamental matter is the quark-lepton parallelism. Then, the crucial question is to what extent it prevails and in what respect it fails [9] . For example, quark and lepton flavor mixing is described by the CKM [10, 11] and the MNS [1] matrices, respectively, similar in structure but with very different values of the mixing angles [12] . It is well known that in the quark sector the Kobayashi-Maskawa (KM) theory [11] for CP violation works perfectly to the accuracy of the experiments achieved to date [13] . We still do not know if a natural extension of the KM theory to the lepton sector provides a correct description of nature [14] .
In the presence of non-standard interactions (NSI) of neutrinos, however, the task of exploring lepton CP violation is inevitably confused or enriched by the coexistence of possible another source of CP violation induced by NSI [15] . In this paper we discuss the problem of how to resolve the confusion caused by the two sources of CP violation in the context of measurement of the lepton mixing parameters in neutrino factory experiments [16] . Of course, discovery of NSI will open an entirely new window to physics beyond the Standard Model of particle physics. Therefore, in this paper, we aim at achieving the two goals: Illuminating how to resolve the confusion between the standard interaction (SI) and the NSI parameters, and exploring the discovery potential of NSI. In this paper, we mean by SI parameters θ 13 and δ assuming that the other standard lepton mixing parameters are determined to reasonable accuracies.
The problem of confusion between the SI and the NSI parameters has been raised in the form of θ 13 −NSI confusion in [17, 18] . In a previous paper [19] we have shown that it can be resolved by a two-detector setting, one at baseline L = 3000 km and the other at L = 7000 km, in neutrino factory experiments, enjoying an intense neutrino beam from a muon storage ring. In a natural continuation of the work, we discuss the problem of two-phase confusion in this paper by extending our treatment to allow the NSI elements ε αβ (for definition, see Sec. II) to have phases. For a related work on the same subject see [20] . The similar question of distinguishing two kind of CP violation in the context of "unitarity violation" approach [21] has also been investigated [22, 23] .
One of the most important questions on NSI is how large their effects are. Given the extreme success of the Standard Model at low energies the natural framework to address the question is via higher dimensional operators [24] . Assuming the new physics scale of M N P ≃1 TeV, it may be |ε αβ | ∼ (M W /M N P ) 2 ≃ 10 −2 and ∼ (M W /M N P ) 4 ≃ 10 −4 for dimension six and eight operators, respectively. Possible forms of theses operators are further narrowed down by the severe constraints on four charged lepton processes [25] , the SU(2) partners of the neutrino interactions on leptons, the problem raised in [8] . In view of the fact that the operators which are free from the four lepton counterpart are very limited [26] , it may be the right attitude to anticipate and cover a wide range of magnitudes 10 −4 < ∼ |ε αβ | < ∼ 10 −2
(or less if possible) as our target for hunting the NSI effects. For this reason, we try to cover the region down to ε αβ ∼ 10 −4 in our analysis in this paper. The constraints on magnitude of NSI on neutrinos has been investigated [27, 28] , and the authors of [29] made major advances in understanding the loop constraints.
As is well known, the effects of NSI exist not only in propagation in matter but also in production and detection processes of neutrinos [7, 17, 18, 30] . In this paper, however, we only deal with the effect of NSI in neutrino propagation in matter. The reason for this limitation is mainly technical; The features of neutrino flavor transformation are sufficiently complicated so that it deserves separate treatment. For the same reason, we restrict ourselves to systems with a single NSI element, either ε eµ or ε eτ , at one time. Thanks to these limitations, we can have a transparent view of the parameter degeneracy [31, 32, 33] in systems with NSI [34] in its limited aspect that can be seen more clearly under the simplified setting. In this paper, we will try to give a complete understanding of the characteristic features of the system, not just showing the sensitivity contours. In particular, we will clarify the reasons why the sensitivities are so different between the systems with ε eµ and ε eτ .
Taking |ε αβ | ∼ 10 −4 − 10 −2 as the target region, it is unlikely that reactor [35] or superbeam [36] experiments are powerful enough to have significant discovery potential for NSI. Thus, we are left with either the neutrino factory [16] or the beta beam [37] as the possible technologies within our current knowledge. In fact, there exist a number of articles which are devoted to discuss the capabilities of discovering or constraining NSI in a neutrino factory experiment, for instance, see Ref. [17, 18, 19, 30, 38] . Because of the clean event reconstruction capability, we focus on the appearance channels ν e → ν µ andν e →ν µ , the so called golden channels for the neutrino factory [39] . We assume, following [19] , a high energy muon beam of E = 50 GeV and two magnetized iron detectors at L = 3000 and 7000 km. Notice that in the ν e -induced appearance channels, this or ν e → ν τ , the only relevant NSI elements are either ε eµ or ε eτ as shown in a perturbative framework in [34] , which is nothing but the natural extension of the one developed in [39] .
Of course, it is important to place constraints on NSI from all possible available means. In fact, the bounds (to be) placed on NSI have been discussed in the context of accelerator neutrinos [40] (excluding the neutrino factory), atmospheric neutrinos [41] , reactor or spallation beam neutrinos [42] , solar neutrinos [43] , as well as of astrophysical neutrinos [44] .
II. FEATURES OF NEUTRINO OSCILLATION WITH NSI
Neutrino oscillation in the presence of NSI is a highly nontrivial problem. We try to give an introductory discussions on it in the light of some recent progresses.
A. Neutrino propagation with NSI; General framework
We consider NSI involving neutrinos of the type
where G F is the Fermi constant, f stands for the index running over fermion species in the earth, f = e, u, d, and P stands for a projection operator which is either P L ≡ 1 2
(1 − γ 5 ) or P R ≡ 1 2 (1 + γ 5 ), and α, β = e, µ and τ . To summarize its effects on neutrino propagation it is customary to introduce the effective ε parameters, which are defined as ε αβ ≡ f,P n f ne ε f P αβ , where n f (n e ) denotes the f -type fermion (electron) number density along the neutrino trajectory in the earth. Using such ε 
where U is the MNS matrix [1] (for which we use the standard notation [12] ), a ≡ 2 √ 2G F n e E [3] , E is the neutrino energy and ∆m Here are some cautionary remarks: We note that since our discussion in this paper ignores effects of NSI in production and detection processes of neutrinos, the results here must be interpreted with care. Yet, the system is complicated enough so that the analysis of NSI effects in neutrino propagation itself seems to be a meaningful step. We also note that since we concentrate on NSI effects in neutrino propagation in matter only the vector type interactions can be probed. Moreover, the types of NSI that can be studied may be limited to a sub class of generic NSI [45] .
B. Neutrino oscillation probability with NSI
We focus on ν e → ν µ andν e →ν µ appearance channels to analyze effects of NSI, anticipating intense ν e andν e beam from either a neutrino factory or beta beam. All the quantitative analyses will be done assuming muon storage ring and magnetized iron detectors with muon charge identification capability. For simplicity, we do not consider disappearance channels in this paper as we believe that the inclusion of them would not modify substantially our results. For qualitative understanding of various features of the analysis we use the oscillation probability derived in ǫ perturbation theory [34] . We assume that θ 13 is small as it is natural for the neutrino factory setting, though the current bound is still rather mild [46] . In this framework, ǫ ≡ is regarded as of order unity. It is shown that to second order in ǫ the relevant NSI elements are only ε eµ and ε eτ in the ν e → ν α channel (α = µ, τ ). Then, the oscillation probability in the ν e → ν µ channel can be written in the form of an absolute square as [34] P (ν e → ν µ ; ε eµ , ε eτ ) 
where c ij ≡ cos θ ij , s ij ≡ sin θ ij , and
. As we will learn in the next subsection, the system with ε eµ and ε eτ is too complicated to do a full analysis, having six unknown parameters including three CP violating phases. In this paper, therefore, we work on systems with only a single type of NSI, ε eµ or ε eτ , as a step to understand the features of neutrino oscillations with NSI.
The expression of the oscillation probability in (3) illuminates a notable difference between the systems with ε eµ and ε eτ . Namely, the sensitivity to ε eµ is generally better than that to ε eτ because the two kinematic factors in the square bracket multiplied by the latter (former) tend to cancel (add up).
C. Bi-probability plot in neutrino oscillation with NSI Unfortunately, the reduced system with a single type of ε is still quite complicated. Therefore, we try to understand the characteristic features of neutrino oscillations with ε eα (α = µ, τ ) in this subsection. What makes this system so complicated is the presence of two CP violating phases, the lepton KM phase [11] in the MNS matrix [1] , and the phase φ eα of the NSI element ε eα = |ε eα |e iφeα (α = µ, τ ). An appropriate tool to illuminate the properties of neutrino oscillation with emphasis on the role played by phases is the bi-probability plot in P (ν e → ν µ ) − P (ν e →ν µ ) (for short P −P ) space proposed in [32] .
The appearance oscillation probability in the neutrino channel can be generically written as,
where the expressions of the coefficients in (4) can be easily derived from (3), and are given in Appendix A. The corresponding expression for anti-neutrino channel can be obtained by doing the transformations a → −a, δ → −δ, and φ → −φ. In principle, there are two ways to draw the bi-probability plot, varying φ while holding δ fixed, or varying δ while holding φ fixed, the "traditional" way. (See (A1) in Appendix A.) The expression in (4) anticipate the former way. We use both ways for convenience to help to illuminate the physical properties of the system.
Let us start to proceed step by step to understand the system with NSI. In Figs. 1 and 2, we present the bi-probability plots for the systems with ε eµ or ε eτ , respectively. We use the former way, varying φ while holding δ fixed, to draw these figures. The neutrino energy is arbitrarily chosen as E = 20 GeV, but we have checked that the main features of the bi-probability plots are similar for other values of the energy in the region 10 GeV ≤ E ≤ 40 GeV, which are relevant in our setting. The values of NSI parameters in both systems are chosen so that the appearance probabilities take values comparable with each other.
There are some distinctive features in the bi-probability plots which are notable in Figs. 1 and 2 including difference between the systems with ε eµ and ε eτ .
• The slope of the major axis is mostly positive and negative in the ε eτ and ε eµ systems, respectively, apart from the region around δ = π. Furthermore, ellipses rotate when δ is varied. It is the very origin of the dynamical behavior of the system with two CP violating phases which spans a wide range in the bi-probability space. The reason for this behavior is explained in Appendix B, and this property will be important to understand the difference between the ε eτ and ε eµ systems in sensitivities to the parameters. In particular, when the two phases are varied, the ellipses span over almost the whole triangular region in P −P space in the ε eµ system. See the left panel of Fig. 9 in Sec. IV.
• A glance over Figs. 1 and 2 indicates a global feature, the size of the ellipses strongly (mildly) depends on |ε| (sin 2 2θ 13 ). Also, the relative distance between ellipses is Bi-Probability plots for ε eµ , L=3000km, E=20 GeV for sin FIG. 1: Bi-probability plots for the systems with ε eµ drawn by continuously varying φ eµ , for four different values of δ = 0, π/2, π and 3π/2. The panels in the upper and lower rows correspond to sin 2 2θ 13 = 10 −3 and 10 −4 , respectively, whereas the ones in the left, middle and right columns correspond to |ε eµ | = 5 × 10 −4 , 10 −3 and 5 × 10 −3 , respectively. The normal hierarchy was assumed and the values of the other mixing parameters used are sin 2 θ 12 = 0.31, ∆m 2 21 = 8 × 10 −5 eV 2 , sin 2 θ 23 = 0.5 and |∆m 2 31 | = 2.5 × 10 −3 eV 2 . We use these four values for the rest of the paper. Bi-Probability plots for ε eτ , L=3000km, E=20 GeV for sin greater for smaller |ε| and larger sin 2 2θ 13 . In regions where overlapping between ellipses is significant we must expect stronger two-phase confusion and parameter degeneracy. Whereas in regions where ellipses are sparse, we expect less degeneracy and better sensitivities for the determination of parameters.
We will revisit these features of the bi-probability plot in our overview of the sensitivities in Sec. IV, thereby meriting understanding some characteristic features.
D. Near-far two-detector setting in a neutrino factory
In this subsection, we briefly review the two-detector setting in a neutrino factory for determination of the NSI and SI parameters proposed in [19] . We denote, hereafter, the detectors at baselines L ∼ 3000 km and L ∼ 7000 km the near and the far detectors, respectively. The basic idea behind it is that the far detector, which is located close to the so called "magic baseline", 1 plays a role complementary to the near detector; 2 The synergy between the two detectors greatly strengthens the potential of parameter determination and help solving the confusion between the NSI and the SI parameters. This is very similar to and concordant with the idea of using the far detector as degeneracy solver in the measurement of the standard oscillation parameters without NSI [31, 47] . The setting is now considered to be a "standard one" in an international effort for designing a neutrino factory [55] .
In our setting of turning on a single NSI element, ε eµ or ε eτ , the oscillation probability has special features at the magic baseline. It takes the form in the system with ε eµ of P (ν e → ν µ ; ε eµ ) = 4s 
P (ν e → ν µ ; ε eτ ) can be obtained by the transformation s 23 ε eµ → c 23 ε eτ at the magic baseline, in accord with the prescription given in Appendix A. Notice that the two phases come together in the form δ + φ eµ in (5); The physical phase must be unique at the magic baseline because the solar ∆m 2 21 effect is absent and the system is effectively two generations.
The naming is due to [47] . The distance has been known as the matter refraction length [3] , as can be seen, for example in [48] . The authors of [49] pointed out that δ (CP phase) dependence goes away at the magic baseline. One of our motivations for placing the second detector at the distance in [19] was that it is the best place, roughly speaking, to detect the effect of matter density to which the NSI elements are proportional [50] . 2 Though proposed in a variety of contexts, the basic idea for the two-detector setting here is quite different from the one in reactor θ 13 experiment [35] , in which the cancellation of systematic errors between the detectors is the key element. Ours here is to seek a complementary role, and hence it is closer to the one for measurement of CP violation [51] . The idea has also been applied to the Kamioka-Korea identical two-detector complex to determine the mass hierarchy as well as discovering CP violation (a possible option for upgrading the T2K experiment [52] ) in which these two aspects are unified [53, 54] . 3 The reasoning was spelled out in [19] , and it has subsequently obtained an analytic proof as a general theorem of phase reduction in generic systems with all NSI elements [34] .
Clearly, the bi-probability plot shrinks into a line with only a cosine dependence on the CP phase, similar to the case at the effective oscillation maximum [57] , and the length of the shrunk ellipse is proportional to |ε eα |. This behavior is clearly seen in Fig. 3 , and its consequence in some of the allowed contours in Sec. IV, for example, in Fig. 7 and Fig. 8 .
Here, let us add a comment; The baseline L = 7000 km chosen is not exactly the magic baseline which is more like L = 7200 km. We have chosen this distance anticipating that it is not always possible to have a site which coincides to the exact magic baseline. The difference between the two baselines is illustrated in Fig. 3 . 
III. ANALYSIS METHOD
We describe the method which will be used in our analyses in the following sections. In this paper, we make the same assumptions as we made in our previous paper [19] for the neutrino factory set up. We assume an intense muon storage ring which can deliver 10 21 useful decaying muons per year with the muon energy taken to be 50 GeV, two magnetized iron detectors with a fiducial mass of 50 kton each, one at baseline L = 3000 km and the other at L = 7000 km. In this work, we assume that each detector can receive neutrino flux corresponding to 10 21 useful decaying muons per year. We also assume data will be taken 4 years in neutrino mode and another 4 years in anti-neutrino one. We consider only the golden channels, ν e → ν µ andν e →ν µ in this paper. For simplicity, we use the constant matter density approximation, and take the earth matter density along the neutrino trajectory as ρ = 3.6 g/cm 3 and ρ = 4.5 g/cm 3 for baselines L = 3000 km and L = 7000 km, respectively. The electron fraction Y e is taken to be 0.5. We believe that using more realistic earth matter density profile will not change much our results.
We always use the normal mass hierarchy as an input for the results shown in this paper, unless stated otherwise. We, however, vary over the two different mass hierarchies during the fit of the data. We will consider the setting in which only one element of NSI, either ε = ε eµ or ε = ε eτ , where ε stands for |ε| and its complex phase φ, is turned on. For simplicity, we fix the values of oscillation parameters relevant for solar and atmospheric neutrinos (apart from the mass hierarchy which is assumed to be unknown) to their current best fit values as sin 2 θ 12 = 0.31, ∆m The last approximation may affect the estimated sensitivities quantitatively, but not in a significant way.
Our χ 2 function, which is similar to the one used in [19] apart from the part which include systematic uncertainties and background, is given by,
where N obs i,j,k is the number of observed (simulated) events computed by using the given input parameters and N theo i,j,k is the theoretically expected number of events to be varied in the fit by freely varying the standard mixing and NSI parameters. The summations over the indices i, j and k imply summing over 3 energy bins, 2 baselines (3000 km or 7000 km), and 2 modes (neutrino or anti-neutrino), respectively. The intervals of 3 energy bins considered are 4-8 GeV, [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] GeV, and 20-50 GeV for neutrinos and 4-15 GeV, 15-25 GeV, and 25-50 GeV for anti-neutrinos. We refer the readers to Ref. [19] for details on how N obs i,j,k and N theo i,j,k are computed.
Using the χ 2 function defined in Eq. (6), we define the allowed regions in terms of 2 parameter space (shown in Sec. IV) by the commonly used condition, ∆χ 2 ≡ χ 2 − χ 2 min = 2.3, 6.18 and 11.83 for 1, 2 and 3 σ confidence level (CL), respectively, for 2 degrees of freedom (DOF). For the sensitivity plots which will be shown in the next section, we used the condition ∆χ 2 ≡ χ 2 − χ 2 min = 1, 4 and 9 for 1, 2 and 3 σ CL, respectively, for 1 DOF. To illuminate the physical properties of the systems with NSI and to indicate discovery potential of the two-detector setting in neutrino factory we think it is revealing to utilize the following two choices for the experiment related assumptions in the χ 2 function in (6):
Choice R: We take, following [55] , σ sys = 2.5 % for the signal and σ BG = 20 % for the background systematic uncertainties. We assume an energy independent detection efficiency of 70 % for both neutrino/antineutrino modes. This is a rough approximation to the efficiency curve obtained in [56] , which is presented in the left panel of Fig. 20 of this reference. The background fractions (efficiencies) are also taken from the same reference, presented in the right two panels of Fig. 20 of [56] .
Choice O: As a second choice we assume no systematic uncertainties, no background, 100% detection efficiency. Namely, N BG i,j,k = 0 and σ sys = σ BG = 0. Only the statistical errors for signal events are implemented. Vanishing systematic errors is nothing but an approximation for a wide range of situations in which they are much smaller than statistical uncertainties.
The symbol "R" is meant to be "realistic", while the "O" optimal.
We use the results of the analyses with two different recipes of the experimental uncertainties to make our presentation most informative. In Secs. IV and V, we rely on the results of analysis based on Choice O of the χ 2 parameters, that is, no errors except for the statistical one. In these sections we try to illuminate the structure of neutrino oscillation with NSI in the golden channel. Hence, we prefer to deal with the allowed regions which are free from obstruction by the experimental errors.
Whereas in Secs. VI and VII where the sensitivity contours of the NSI and the SI parameters are discussed, we present the contours for both choices, Choice R and Choice O of the χ 2 parameters. At the minimum, the comparison between these two choices reveals the effects of the systematic uncertainties and the efficiencies on the sensitivities, and therefore is useful. If we are to prepare for search for effects induced by dimension eight operators beyond dimension six ones, as argued relevant in Sec. I (see also [58] ), one may be interested in optimal sensitivities that can be achieved by an ultimate detector. 4 While the concrete design of such a detector is not known, its first approximation may be given by taking the limit of vanishing errors under the current detector setting.
IV. OVERVIEW OF THE SENSITIVITIES AND SYNERGY BETWEEN THE TWO DETECTORS
In this section we give an overview of the sensitivities to the NSI elements, |ε eα | and φ eα (α = µ, τ ), and the SI parameters, δ and sin 2 2θ 13 , to be achieved by the detectors at L = 3000 km and L = 7000 km separately and in combination. The principal purpose of the discussions in this section is to understand the global features of the sensitivities of the complex systems. In fact, various viewpoints have to be involved to really understand what the complementarity between the near and far detectors means:
• How prominent is the synergy between the near and the far detectors for determination of SI and NSI parameters? How it differs between the systems with ε eµ and ε eτ ? What about the dependence on values of the parameters, in particular on the size of the NSI elements?
• How can the two-phase confusion be resolved? Does the answer depend on which NSI element is turned on?
• What is the nature of the parameter degeneracy in the system with NSI, and whether it can be resolved by the two-detector setting? If so how can it be realized?
The first two points will be discussed in this section and we will devote the whole Sec. V for the problem of degeneracy.
A. Data set
Toward the above stated goal, we systematically generated the contours of allowed regions determined by the data taken in the near (3000 km) and the far (7000 km) detectors and the 4 We give a caution here that the current estimation of experimental systematic uncertainties and backgrounds may not be sufficiently mature to address the question of sensitivities to such tiny values of NSI.
one combined based on the analysis method described in Sec. III. We call the set of allowed contour figures the "data set". To generate the data set we take the input parameters in the following way: sin 2 2θ 13 = 10 −4 and 10 −3 , δ = 0, π/2, π and 3π/2, |ε eµ | = 5 × 10 −4 , 10 −3 and 5 × 10 −3 , φ eµ = π/4, 3π/4, 5π/4 and 7π/4. Altogether, there are 2 × 4 × 3 × 4 = 96 sheets.
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Then, the above parameters are varied to fit the data. During the fit, unless otherwise stated, the parameter space of both the normal and the inverted neutrino mass hierarchies are swept. The input is always taken as the normal hierarchy except for the results shown in Sec. VII B. The allowed regions at 2σ and 3σ CL are defined by the region corresponding to χ 2 − χ 2 min < 6.18 and 11.8, respectively. We try to illuminate the dominant features of the complex system of neutrino oscillation with NSI by analyzing the data set.
In the system with ε eτ , because of poorer sensitivities compared to the system with ε eµ , we use an order of magnitude larger values of the NSI parameters to generate the data set: |ε eτ | = 5 × 10 −3 , 10 −2 and 2 × 10 −2 , φ eτ = π/4, 3π/4, 5π/4 and 7π/4, with the same values of θ 13 and δ. The ranges of the input values of ε eµ and ε eτ are chosen such that they lead to the similar values of the probabilities as can be seen by comparing the bi-probability plots of both systems in Sec. II C. They roughly correspond to the sensitivity regions obtained in [19] . Again there are 96 sheets as in the ε eµ case. Due to the lack of space, we only show a tiny fraction of such allowed contours in the following subsections but below we will give qualitative summary of our data set described above.
B. Classification scheme of the data set
By reviewing 2 × 96 sheets we recognize that there exist 4 typical types:
• Type A: Measurement at the near detector (3000 km) cannot produce closed contours but the combination with the far detector (7000 km) makes the contours closed (at least for one of the 4 variables), which determines the parameters within errors. This is the case where the synergy is most prominent.
• Type B: Measurement at the near detector does produce closed contours, but multiple solutions are allowed, this is the phenomenon of parameter degeneracy. In most cases in this category the combination with the far detector solves the degeneracy.
• Type C: Measurement at the near detector itself produces closed contours without degeneracy. The role of the far detector is to make the allowed region smaller.
• Type D: Both the measurement at the near detector and the combination with the far detector fail to produce closed contours.
The closing or not of contours, of course, depends upon the confidence level. We use 2 and 3 σ CL in the tables and figures in this section.
In Table I and II we present number of sheets which fall into the categories of Type A−D of the data set prepared for the system with NSI element ε eµ and ε eτ , respectively. In the 5 A sheet, in principle, contains six two-dimensional plots because there are four parameters to be fit.
Practically, however, three of them appear to be enough; We have used the two-dimensional plots with axes |ε eµ | − φ eµ , δ − φ eµ , and sin 2 2θ 13 − δ.
type and magnitude of NSI
10 −3 0(0) 11 (11) 5 (5) 0(0) system with ε eτ the classification scheme works except that there is no Type D as we will see below. Here, we need some details of the criteria for the classification. Existence of a closed contour 6 does not necessarily mean that the unique solution is contained in it; It can occur that multiple solutions are involved in a single region because they are too close to be resolved due to limited statistics, for example. Our classification scheme A−D above is, therefore, purely "phenomenological" in nature.
It should also be noticed that classification of figures into A and D has an ambiguity; It occurs in some cases the allowed contour is closed for |ε| but not for sin 2 2θ 13 , for example. We define Type D such that the allowed contours of any one of the four variables fail to be closed after combining the yields from the two detectors. Consistently, Type A is defined such that at least one of the four variables has closed contours. It makes classification scheme a complete one; The number of pages add up to 16 when summed over Type A−D for a given input values of |ε| and sin 2 2θ 13 . A glance over the tables illuminates the following features:
• In the system with ε eτ most of the sheets are classified into Type A except for the 6 In doing computation, for technical reasons, the regions of parameter scan were limited to 10 −4 ≤ |ε eµ | ≤ 6 × 10 −3 and 5 × 10 −4 ≤ |ε eτ | ≤ 3 × 10 −2 in respective systems. Therefore, closed contours imply they are closed in the above regions.
case of relatively large θ 13 and |ε eτ |; Synergy between the two detectors are far more prominent compared to the system with ε eµ .
• In the system with ε eµ synergy effect exists but its effectiveness depends on θ 13 and |ε eµ | in an intricate way. There is a general tendency that closed allowed region is more common in cases with large |ε eµ |. For a given value of |ε eµ | synergy is stronger in case of smaller θ 13 , however with the notable exception of the case |ε eµ | = 10 −3 .
One may ask why the synergy is so powerful in the ε eτ system. The answer involves two reasonings; Measurement at the near detector is not as powerful as in the ε eµ system because the two kinematic factors in the coefficient of ε eτ in (3), which have similar magnitudes, tend to cancel, resulting the lower sensitivity to ε eτ . Then, powerfulness of the synergy is due to the higher statistics of the far (7000 km) detector due to larger |ε eτ |, which is enhanced by the former reasoning.
C. Features of sensitivities in system with ε eµ
In this and the next subsections we give further description of the features of sensitivities to the NSI elements, |ε eα | and φ eα (α = µ, τ ), and δ and sin 2 2θ 13 by the near-far two-detector setting. In what follows we present only one figure for each category A−D. The category B (the case with parameter degeneracy) will be discussed in the Sec. V. We use 3σ CL criterion for the classification of types.
Let us first consider the system with ε eµ . As an example of Type A, we present in Fig. 4 the regions allowed by measurement at the near detector (L = 3000 km, top panels), the far detector (L = 7000 km, middle panels), and the two detector combined (bottom panels). It is for the input values of the NSI element |ε eµ | = 5 × 10 −4 and φ eµ = 7π/4 whereas the SI parameters are taken as δ = π and sin 2 2θ 13 = 10 −3 with the normal mass hierarchy. Left and right panels in this figures show allowed regions plotted in |ε eµ | − φ eµ and δ − φ eµ space, respectively. We note that for this case, no allowed regions exist for the inverted mass hierarchy regime.
In this figure, it is indicated that measurement at the far detector, though it itself does not appear to be so powerful, helps closing the allowed regions, indicating prominent synergy between the two detectors. This feature is consistent with the one observed in systems with NSI but with frozen phase degree of freedom discussed in the previous paper [19] . However, Type A is relatively minor in the data set for large values of |ε eµ | as seen in Table I , indicating less prominent synergy between the two detectors in the ε eµ system compared to the ε eτ 's. In Fig. 4 accuracy of determination of φ eµ is limited because of small |ε eµ |, though δ − φ eµ confusion is resolved.
An example of Type C is presented in Fig. 5 , which was generated using the same values of |ε eµ | and θ 13 as in Fig. 4 but different phase values, δ = 3π/2 and φ eµ = 5π/4. For relatively large values of |ε eµ |, the case of closed contours as the result of near detector measurement is most popular, as can be seen in Table I . In fact, as long as NSI parameters are concerned, there is no example, within the cases examined, of unclosed contours (only upper bound) at 3000 km detector for the input value |ε eµ | = 5 × 10 −3 . In the example in Fig. 5 , we still see modest synergy between the detectors. Interestingly, the sensitivity to δ improves due to the far detector measurement at the magic baseline. The δ − φ eµ confusion is clearly resolved though the accuracy of determination of φ eµ is modest. In Fig. 6 presented is an example of Type D generated by using the same parameters as used in Fig. 5 except for φ eµ = 7π/4, showing that the synergy is least prominent among the categories A−D.
7 In this case the unclosed contours at 3000 km fail to be closed at 2σ CL even after combination with 7000 km detector. Again the far detector improves sensitivity to δ, but not at all to φ eµ .
Finally, it may be worth to note that the characteristic feature at the magic baseline that only the combination φ eµ + δ is constrained [19] is barely visible in most of the data set. The possible reasons are: The baseline is not exactly equal to the magic baseline. The statistics at the far detector is of course much less and sensitivities to the parameters are close to the sensitivity limit, lacking clear indication of δ − φ correlation. However, appearance of δ − φ correlated oblique strip becomes frequent in case of relatively large |ε eµ | = 5 × 10 −3 . 
D. Feature of sensitivities in system with ε eτ
We now turn to the system with ε eτ . Synergy between the two detectors is much more prominent in the system with ε eτ than the ε eµ system. To demonstrate this point we present examples of Type A in Fig. 7 the allowed regions in |ε eτ | − φ eτ and δ − φ eτ space for the input parameters, |ε eτ | = 5 × 10 −3 , φ eτ = 7π/4, sin 2 2θ 13 = 10 −3 , δ = 3π/2 and the normal mass hierarchy. Within the currently used parameters most of the data set with ε eτ fall into Type A except for the largest values of |ε eτ | and θ 13 in the set, |ε eτ | = 2 × 10 −2 and sin 2 2θ 13 = 10 −3 , as indicated in Table II . We note that in the system with ε eτ , for the case where only the near detector is used, the clone solution in the inverted mass hierarchy (the input is the normal one) exists very often, as shown in the second row of Fig. 7 . This will significantly lower the sensitivity to the mass hierarchy determination compared to the case where no NSI of the ε eτ type is present, which will be demonstrated in Sec. VII B. Type C is rare in the data set in the system with ε eτ for the currently used values of the parameters, as indicated in Table II . An example is shown in Fig. 8 which was generated with the input parameters |ε eτ | = 2 × 10 −3 , φ eτ = 7π/4, sin 2 2θ 13 = 10 −3 , δ = π/2 and the normal mass hierarchy.
Synergy is very remarkable in the system with ε eτ apart from the case of the largest values of |ε eτ | and θ 13 mentioned above, as clearly seen in Table II . Yet, effect of the far detector data is visible even in relatively large |ε eτ | case, making allowed regions tiny as a result of combination of both detectors as shown in Fig. 8 . This feature is generic for larger values of |ε eτ |. The allowed contours in the φ eτ − δ plane in Figs. 7 and 8 due to the far detector measurement alone clearly displays characteristic feature that only the combination φ eτ + δ is constrained.
It is remarkable to find that there is no Type D in the data set, representing an extremely powerful synergy between the two detectors in the system with ε eτ . It is also very significant that δ − φ eτ confusion is resolved in most of the figures for the system with ε eτ . Though we have achieved reasonably good understanding of the features of the sensitivities, there is a curious feature in Tables I and II. Let us compare Fig. 1 and Fig. 2 in the right-bottom panel with sin 2 2θ 13 = 10 −4 , ε eµ = 5 × 10 −3 , and ε eτ = 2 × 10 −2 . The values of the NSI parameters are chosen so that the size of the probabilities are comparable. Then, one would expect that the (relative) accuracy to which we can determine (or constrain) NSI parameters is similar between the ε eµ and the ε eτ systems; The ellipses with different δ overlaps and the degree of overlapping is very similar in both systems. Nevertheless, the potential for parameter determination is in fact very different between ε eµ and ε eτ systems as one observes by comparing between Table I and Table II ; Type B is dominant in the ε eµ system, whereas Type A dominates leaving no Type B in the ε eτ system. It clearly indicates that the sensitivity is far better in the ε eµ system compared to the ε eτ system. On the other hand, the parameter degeneracy is much severer at the near detector in systems with ε eµ compared to the ones with ε eτ as is shown in the tables.
A unified understanding of the puzzling features becomes possible once one draws the bi-probability plots by varying δ for four (twenty) different values of φ (θ 13 ) as done in Fig. 9 . The degeneracy is severer in the ε eµ system because of the more dynamic behavior of the bi-probability ellipses as shown in the left panel of Fig. 9 . Because the ellipses can locate themselves essentially everywhere in the bi-probability space there are chances that fake solutions can be produced at points far apart from the true solution. What about the difference in the sensitivities? We observe in the right panel of Fig. 9 that the ellipses in the ε eτ system remain in a much more compact region when δ and θ 13 are varied. Because of the finite resolution of the experimental data it appears that the dense concentration of the ellipses with different parameters leads to merging of many degenerate solutions, resulting in the lack of the sensitivity in the ε eτ system. By comparing Figs. 4-6 for ε eµ (which show no strong synergy by combining two detectors) and Figs. 7 and 8 for ε eτ (which show strong synergy), one might think that strong synergy for ε eτ is simply because of the larger values we considered for this NSI element than that for ε eµ . We note, however, that if we consider larger value for ε eµ , the allowed NSI parameters obtained from the near detector alone are already restricted to small regions and we do not see any strong synergy when combined (see Fig. 12 ) with the far detector unlike the case of ε eτ .
V. PARAMETER DEGENERACY WITH NSI
In this section we try to understand the property of the degeneracy in systems with NSI, encountered in the previous section, i.e., in the category Type B. It was indicated that the structure of the conventional parameter degeneracy [31, 32, 33] , (for reviews see e.g., [49, 59] ), the intrinsic, the sign-∆m made in [34] , its complete treatment still eludes us. 8 In our simplified system of a single type of ε, however, we can achieve a good understanding of the phenomenon. After giving some examples to show characteristic features in this section, we give in Appendix C some semi-analytic treatment to obtain the degenerate solutions for a given true solution.
A. φ-degeneracy
We start from the simplest case which may be called as the φ-degeneracy, in which the degenerate solutions are characterized only by distinct values of φ, and values of the remaining variables are nearly equal. In this subsection we restrict ourselves to the system with ε eµ . In Fig. 10 some examples of such degeneracy are presented.
Let us understand why and how such degeneracy arises. We start from the expressions of appearance oscillation probabilities in (4) . Because the terms proportional to C and I (and corresponding coefficients for anti-neutrino,C andĪ) are an order of magnitude smaller than the other terms for typical values of the parameters for relevant for neutrino factory, they can be neglected. Then, it is interesting to examine a simplified model for the oscillation probabilities
8 A completely new type of degeneracy, the solar-atmospheric variables exchange degeneracy, is found there. But, this degeneracy does not appear to enter into the discussion in this paper, and hence it is outside of the scope of this paper. where the upper (lower) line corresponds to neutrino (anti-neutrino) channel and the sign must be chosen correctly. α andᾱ are given by
The features of the simplified model (7) can be best illustrated by the bi-probability plot in P −P space. See the top-right panel in the upper figure in Fig. 1 in particular, the case of δ = 0, for one of the clearest example. Namely, the ellipse shrinks into line due to the presence of only cosine dependence of the phase. Then, it is evident that the degenerate solution exists; If we have a solution at φ = φ 1 then we have another solution at
The simplest situation arises at δ = 0 where α =ᾱ = 0. The second solution is given by φ 2 = 2π − φ 1 which nicely explains features of the left panel of Fig. 10 . In the right panel of Fig. 10 , the input value of δ is 3π 2
, and α can be obtained by using (8) Fig. 10 in a reasonable accuracy.
Though this type of degeneracy can be solved in most cases with the far detector measurement, it can fail in certain cases. Since φ dependence at the magic baseline (5) takes a particular form cos(δ + φ) the φ-degeneracy cannot be solved for δ ≃ 0. An example of this phenomenon is given in the left panel of Fig. 10 . Now, we discuss more generic form of the degeneracy, the intrinsic and the ∆m 2 31 -sign flipped degeneracies which are similar to those in the standard neutrino oscillation [31, 32] . The θ 23 octant degeneracy [33] does not arise because we take the maximal θ 23 .
In Fig. 11 , we show, for the system with ε eµ , the case (which is categorized as Type B) where the measurement at the near detector at 3000 km leaves four regions at 2 σ, two of which correspond to the normal hierarchy and the other two the inverted ones. It is the manifestation of the sign-∆m 2 31 degeneracy in systems with NSI where the phase of NSI parameter φ is indeed actively involved. Unlike in most cases this is one of the special cases in which the far detector measurement fails to resolve the intrinsic degeneracy. In this particular case it occurs in the following way; Because the relation cos(δ 2 +φ 2 ) = cos(δ 1 +φ 1 ) approximately holds the far detector cannot solve the φ degeneracy. Also, the energy spectra are very similar for the two solutions with the same sign of ∆m 2 31 . In Fig. 12 an example of Type B for the system with ε eτ with degenerate solutions at the near detector is presented. As in the system with ε eµ Type B takes place when |ε eτ | is relatively large. Here, again the sign-∆m 2 31 degeneracy exists at the near detector (top panels), but it is completely resolved when combined with the far detector measurement. Most likely, the intrinsic degeneracy does not exist in this case, or is already resolved by the near detector measurement.
C. Does spectrum information solve the degeneracies?
One may ask the question, "to what extent are the degeneracies we saw in the previous subsection robust?" It is well known that the intrinsic degeneracy in the conventional neutrino oscillation with SI is often fragile to the spectrum analysis. To give an insight to this point we present in Fig. 13 the oscillation probabilities as a function of neutrino energy which correspond to the same ∆m . From these figures it is obvious that the degeneracies we observe in the systems with ε eµ or ε eτ are quite robust against the spectrum analysis as long as we consider only a single detector at L = 3000 km. One can go through the obtained for the system with ε eµ . Panels in the upper 2 rows (3rd row) correspond to the case where only a single detector at 3000 km (7000 km) is taken into account, whereas the ones in the 4th row correspond to the case where results from the two detectors are combined. The input parameters are taken as: sin 2 2θ 13 = 10 −4 , δ = π/2, |ε eµ | = 5 × 10 −3 and φ eµ = π/4 (indicated by the green asterisk), and the mass hierarchy is normal. As in the case shown in Fig. 7 , allowed regions exist also in the inverted mass hierarchy regime when only a single detector at L = 3000 km is considered, see the panels in the second row. similar analysis to understand the feature of the degenerate solutions by using the analytic framework and the results are presented in Appendix C.
VI. DISCOVERY POTENTIAL OF NSI PARAMETERS
In this and the next sections, we discuss the discovery potential of the effects induced by NSI, and by the SI, respectively. Throughout these sections we present the sensitivity contours which are calculated with two different choices of the χ 2 assumptions, Choice R and Choice O defined in Sec. III. We compare the results of the two choices of the experimental uncertainties. Typically, the sensitivities obtained with Choice R are worse by a factor of several to an order of magnitude than the ones with Choice O. 
A. Discovery potential of NSI
Let us discuss first the sensitivity to discover the non-zero effect of NSI. We determine, for some fixed values of θ 13 and δ, the 2 (3) σ CL regions of the discovery potential of NSI by the condition, χ 2 min (ε = 0) − χ 2 min (true value of ε and φ) > 4(9), for 1 DOF, by varying freely θ 13 and δ and the choice of mass hierarchy in fitting the input data. If we cannot fit the input data generated with non-vanishing ε eα by hypotheses with arbitrary values of the SI parameters without NSI, we conclude that we can disentangle NSI effects from those of standard oscillations. Note that the region determined by this condition includes the case where φ is totally undetermined or unconstrained. In Figs. 14 and 15 we show the regions where the non-zero NSI effect can be discovered in the plane of true values of φ eµ and |ε eµ | for the case where sin 2 2θ 13 = 10 −3 and sin 2 2θ 13 = 10 −4 , respectively, for δ = π (left panels) and δ = 3π/2 (right panels). The same values of δ are consistently used throughout this section for presentation of the allowed contours. These two values are chosen because one is CP conserving and the other CP violating. We think that the choice is a rather conservative one, avoiding the point with the best sensitivities. In both figures we have taken the input mass hierarchy to be the normal one.
First, we note that the sensitivity to |ε eµ | by the near detector at 3000 km is good enough so that adding the contribution of the second detector at 7000 km does not improve much the sensitivity to ε eµ . The feature is indeed expected as discussed in Secs. II and IV. Second, the sensitivities to |ε eµ | depend very much on φ eµ , and varies from ∼ 10 −4 to ∼ 10 −3 . We have checked that the same general behavior is obtained for the case of inverted mass hierarchy as input. We note that in the case where detector efficiency, background and systematic uncertainties are considered, indicated by the thick curves in Fig. 14 , the sensitivities are worse by a factor of a few to one order of magnitude compared to the case where they are ignored. In Figs. 16 and Fig. 17 we show similar plots but for the system with ε eτ 9 . In this system the sensitivity for the detector at L = 3000 km has a rather complicated structure which depends nontrivially on φ eτ and δ. It is clearly very difficult to discover |ε eτ | < ∼ few 10 −2 with the near detector alone. However, as expected, the synergy of combining the two detectors is so strong that the final sensitivity is comparable to the case of ε eµ , i.e. |ε eτ | < ∼ a few 10 −3 . The sensitivity to ε eτ also depends on the true value of φ eτ , but the dependence is weaker than that for ε eµ . Again, we have checked that the same general features are obtained for the discovery potential of ε eτ in the case of inverted mass hierarchy. Here again the role of detector efficiencies, background and systematic uncertainties at the level exemplified in this paper, is to worse the sensitivities several times compared to the case where they are ignored.
We note that the results shown in this section can be compared with the ones obtained in Refs. [60, 61] where the discovery potential of NSI effect by a future neutrino factory was studied. The authors of Ref. [61] considered both ε eµ and ε eτ (but only one of them was considered at a time) but for the case where only one detector at L = 3000 km is assumed, and it is found that for sin 2 2θ 13 = 10 −3 , the sensitivity to ε eµ and ε eτ are, respectively, a few ×10 −3 and a few ×10 −2 under a similar experimental setup to ours. By taking into account some differences of the analysis procedure and assumptions, results of our analysis for the detector at 3000 km alone seem to be consistent with the ones found in this reference.
On the other hand, the authors of Ref. [60] studied how one can optimize the neutrino factory setting which gives better sensitivities to constrain NSI parameters assuming two detectors with different baselines. In this reference, the sensitivity study was done by varying baselines to the two detectors and it was found that the standard set up in [55] of two detectors at 4000 km and 7500 km, which is similar to the set up considered in our previous paper [19] (and employed here), works quite well for determining (or constraining) both standard and non-standard neutrino parameters. The sensitivities to |ε eµ | and |ε eτ | found in Table 1 of [60] which are, respectively, ∼ 6 × 10 −3 and ∼ 2 × 10 −2 seem to be consistent with ours if we take into account some differences between their and our assumptions (higher efficiencies, higher muon energy, larger total number of useful muon decays, etc.) in this work.
B. Discovery potential of the non-standard CP violation
From the results shown in the previous section, we have some ideas about the parameter regions where the non-zero NSI effect can be established. Let us now ask another question; For which values of the NSI parameters |ε| and φ, can we establish a new type of CP violation due to NSI? Hereafter, we denote such CP violation as the non-standard CP violation. To establish the discovery potential for such a new CP violation effect, we determine the region of sensitivity with 2 (3) σ CL by the condition, 9 The readers may wonder if the jagged behavior in some of the panels in Figs. 16 and 17 might be due to the artifact of a too crude mesh of the parameter space used in the numerical analysis. We have checked that the small island structure does not go away, though with modified shape or merging, even if we increase the number of grids used in scanning the parameter space by a factor of 10 to 15. The figures presented are the outcome of such an improved analysis. Therefore, we believe that some of the jagged behavior are real though the possibility of it being a numerical artifact cannot be completely ruled out. In Fig. 18 (Fig. 19) we show the region where non-standard CP violation associated with φ eµ can be established for sin 2 2θ 13 = 10 −3 (sin 2 2θ 13 = 10 −4 ) and δ = π (shown in the left panel), or δ = 3π/2 (in the right panel). We observe that in addition to the significant improvement of the sensitivity in the case where two detectors are combined (see lower panels), there are qualitative differences in the behavior of the sensitivity contours for L = 3000 km and the combined case.
Let us see the right panel of Fig. 18 , the case without systematic uncertainties. At L = 3000 km, in spite of the maximal non-standard CP violation (φ eµ = π/2, 3π/2) we cannot establish the non-standard CP violation even though |ε eµ | is large. Though it might look curious it is easy to understand why this feature arises; It is due to the φ-degeneracy (see Sec. V A). Using (7) with input δ = 3π/2, sin 2 2θ 13 = 10 −3 , and E = 20 GeV, one can show that the clone solution of φ 1 = π/2 (3π/2) is located very close to φ 2 = 0 (π). So we are unable to distinguish the maximal CP violation and CP conservation owing to the φ-degeneracy. Fortunately, the degeneracy is resolved when informations from the far detector is combined. After combining the results from two detectors, we conclude that if 0.2 < ∼ φ eµ /π < ∼ 0.8 or 1.2 < ∼ φ eµ /π < ∼ 1.9 we can identify the effect of non-standard CP violation down to |ε eµ | ∼ a few to several ×10 −3 at 3 σ CL for Choice R of the χ 2 analysis, depending on the values of δ and sin 2 2θ 13 . For Choice O the sensitivity is better by a factor up to several depending upon the SI parameters. We observe that if φ eµ /π < ∼ 0.2 or 0.8 < ∼ φ eµ /π < ∼ 1.2 or φ eµ /π > ∼ 1.9 it seems practically impossible to establish non-standard CP violation. Here the input choice for the mass hierarchy is normal, but the results are qualitatively the same in case we take the input mass hierarchy to be inverted and simultaneously change the input δ → π − δ.
In Figs. 20 and 21 we show similar plots but for the discovery of non-standard CP violation associated with φ eτ . We note that for these cases the effect of the synergy of combining two detectors is even larger, as expected. We observe that, compared to the ε eµ system, despite the discovery potential of non-standard CP violation with the detector at 3000 km alone is rather poor especially for φ eτ /π > ∼ 1, after combining two detectors, the final sensitivities are not very much different from that for the ε eµ system. For 0.1 < ∼ φ eτ /π < ∼ 0.8 or 1.2 < ∼ φ eτ /π < ∼ 1.9, with Choice R, we can identify the effect of non-standard CP violation down to |ε eτ | ∼ 10 −2 or smaller at 3 σ CL, depending on the values of δ and sin 2 2θ 13 . Similar to the case for the system with ε eµ , for φ eτ /π < ∼ 0.1, 0.8 < ∼ φ eτ /π < ∼ 1.2, or φ eτ /π > ∼ 1.9, it seems practically impossible to establish non-standard CP violation.
The results for the sensitivity to non-standard CP violation for the inverted mass hierarchy is similar to that for the case of the normal mass hierarchy shown in this paper.
We observe that including the detector efficiencies, event backgrounds and the systematic uncertainties reduce the sensitivities to NSI and the non-standard CP violation by a factor of a few to several (even an order of magnitude in a rare case), as expected. But, their effects do not appear to change the qualitative features of the sensitivity contours.
Our results for ε eτ can be compared with the ones found in [20] . From reference the non-standard CP violation (due to φ eτ = 0, π) can be established at 3 σ for |ε eτ | larger than ∼ (7 − 10) × 10 −3 when the true value of φ eτ is not so close to 0 or π for the case where the true value of θ 13 = 0. The sensitivity obtained in [20] is in good agreement with ours with Choice R.
VII. IMPACT OF NSI ON STANDARD CP VIOLATION AND MASS HIERAR-CHY
At this point it is important to examine whether NSI can obscure the discovery of the standard CP violation due to δ and the neutrino mass hierarchy, and if yes to what extent.
A. Impact of NSI on the establishment of the standard CP violation First let us consider the sensitivity of our setup to δ without NSI. We show, in Fig. 22 , in the plane of true values (input) of δ and sin 2 2θ 13 , the regions where CP violation can be established at 2 and 3 σ CL for 1 DOF. For this plot we assumed that there is no effect of the NSI both in the input data and in the fit. We determine the 2 (3) σ CL regions by freely varying θ 13 , δ and the mass hierarchy in fitting the input data with the condition, χ 2 min (δ = 0 or π) − χ 2 min (true value of δ) > 4(9), for 1 DOF. The upper panel in Fig. 22 shows the case where only the detector at 3000 km is considered whereas the lower panel is the case corresponding to the combination of detectors at two baselines. Note that, if δ is very close to 0 or π, it is impossible to establish CP violation, a well known fact. In the case where only one detector at 3000 km is assumed, there is a small region at around δ ∼ 3π/2 and sin 2 2θ 13 ∼ 3 × 10 −3 where the sensitivity is significantly reduced. The loss of CP sensitivity at these particular values of δ and θ 13 occurs when the mass hierarchy is unknown. This fact has been noted before, see Fig. 85 in Ref. [55] and comments in this reference.
In passing we remark that there exist significant differences between the sensitivity regions given in upper panels of Fig. 22 (i. e., blue dotted 3σ curves) and Fig. 85 in Ref. [55] . We note, however, that if we assume the same detection efficiency as used in Ref. [55] , we obtained Sensitivity to discovery of standard CP violation. Here no effect of NSI is assumed both in the input data and in the fit. The upper panel shows the case where only the detector at 3000 km is considered, whereas the lower panel is the case corresponding to the combination of detectors at two different baselines. For the sake of comparison, only for the case of 3000 km, we also show, by the green dashed curves, the case with lower detection efficiencies as for Fig. 81 of [55] . Fig. 22 but with non-zero NSI allowed in the fit; The input data was generated without NSI but non-zero values of ε eµ (left panel) and ε eτ (right panel) were allowed in the fit.
roughly the same regions as shown by the green dashed curves in Fig. 22 .
10 In comparing our results to the one in [55] we should also take into account the difference in baseline; Ours is 3000 km whereas the one in Fig. 81 of Ref. [55] is 4000 km.
Let us now discuss how this result can be affected by the presence of NSI effects below the discovery sensitivity. We show in Fig. 23 , similar plots as seen in Fig. 22 but assuming the presence of non-zero ε eµ (left panel) and ε eτ (right panel) in the fit. At each point of δ and sin 2 2θ 13 in this plot, as in the previous case, we have generated the input data without NSI but in fitting the data, we vary freely not only δ, θ 13 and the mass hierarchy choice, but also the values of ε eµ (or of ε eτ ). This is done in order to see to what extent the presence of NSI in the fit aggravates the discovery potential for (standard) CP violation.
For the case where non-zero ε eµ is assumed in the fit, by comparing the results shown in Fig. 22 with the ones shown in the left panel of Fig. 23 , we can conclude that the sensitivity regions for discovery of standard CP violation are not strongly affected by the presence of small NSI effects (below their discovery level). Neither if we have only one detector at 3000 km but particularly so if an additional one at 7000 km is combined. However, this conclusion is somewhat different when a non-zero ε eτ is assumed in the fit, as we can see in the right panel of Fig. 23 . In this case, we conclude that the region of sensitivity to standard CP violation is significantly diminished if only the near detector at 3000 km is considered. It is even more so for Choice R of the χ 2 analysis. Fortunately, a similarly good sensitivity to CP violation as in the case without NSI is recovered after the combination with the far detector, as can be seen in the right-lower panel in Fig. 23 .
We have repeated the same exercise for the case where the input mass hierarchy is inverted. In this case, even in the standard scenario (no NSI at all) the sensitivity region is reduced if only the near detector is considered, but if one includes the far detector the sensitivity becomes comparable to the one shown in Fig. 22 for the normal hierarchy. In fact it is even better for δ ∼ 0 and slightly worse for δ ∼ π. Here, again the effect of non-zero ε eµ and ε eτ at the single or the combined baselines is similar to the one for the normal mass hierarchy.
Let us also consider the case where the input values of NSI parameters take non-zero values which are within the discovery reach. Here, as in the previous case, we vary freely the SI and NSI parameters in the fit. We have obtained qualitatively similar results to those without input value of NSI (since they are similar, we do not show the plots). We observe in this exercise that the difference from the previous results without input NSI at 3000 km is quite small for ε eµ , but it is not so small for the case with ε eτ for the values of the input NSI parameters considered. Fortunately, when two detectors are combined, the impact of non-zero NSI on CP violation sensitivity does not appear to be so large within values in the discovery reach of our setup. We have verified that for the inverted mass hierarchy in the case on non-zero input NSI we also reach very similar conclusions.
B. Impact of NSI on the resolution of neutrino mass hierarchy
It is generally believed that the neutrino mass hierarchy can be determined "relatively easily" in neutrino factory measurements because of sufficiently strong earth matter effect due to the long baseline. This is in fact true when only SI are at play. However, once a new type of degeneracy, which involves both the normal and the inverted mass hierarchies, is uncovered in systems subject to NSI, it is legitimate to ask whether it can affect resolution of the mass hierarchy, and if yes, how seriously. Because of the feature discussed in Sec. IV D, we anticipate that the presence of ε eτ can be harmful. Even if we assume |ε eτ | to be below its discovery potential value, the solution of the mass hierarchy with a single detector at 3000 km is unsure and the need for a second detector at 7000 km seems to be imperative.
We study the region in the input parameter plane δ−sin 2 2θ 13 where the neutrino mass hierarchy can be determined by generating a data set assuming a certain input mass hierarchy and trying to fit the data with opposite hierarchy. We say that the mass hierarchy can be determined at 2 (3) σ CL for 1 DOF if χ 2 min (opposite hierarchy)−χ 2 min (input hierarchy) > 4(9). First let us investigate the sensitivity without considering NSI, which means that it is absent not only in the input but also in the fit. In Fig. 24 we show the sensitivity region in the δ−sin 2 2θ 13 plane where the mass hierarchy can be determined at 2 and 3 σ CL for 1 DOF with a single detector at 3000 km. In the left and the right panels the input mass hierarchy was taken to be normal and inverted, respectively. We observe that in both cases there are small regions in this plane in which the mass hierarchy cannot be determined. However, we have checked that if an additional detector at 7000 km is included in the analysis the mass hierarchy can be solved in the entire plane covered in the analysis. For the mass hierarchy determination, the impact of the non-perfect detection efficiencies, non-zero backgrounds and systematic uncertainties is larger compared to the standard CP violation sensitivities (see Fig. 22 ). 13 plane where the neutrino mass hierarchy can be established at 2 and 3 σ CL for 1 DOF with a single detector at 3000 km, for the case where no NSI effect is present. In the left (right) panel the input mass hierarchy is taken to be normal (inverted). It can be shown that the mass hierarchy is resolved in the whole region if the far detector is combined.
Let us now switch on NSI effects and see their impact on the mass hierarchy determination. In Fig. 25 , we show similar plots as in Fig. 24 for non-zero ε eµ . In the upper panels of Fig. 25 we have considered the input ε eµ to be below its discovery limit (null for all practical purposes) but allowed non-vanishing ε eµ in the fit. In the lower panels of Fig. 25 we take the input ε eµ to be in the discovery region of our setup, |ε eµ | = 10 −3 and φ eµ = 7π/4, and vary freely the SI and NSI parameters in the fit. In both cases, in the region of ε eµ below or within discovery reach, we observe a slight but not very significant decrease of the sensitivity for both the normal (left panels) and the inverted (right panels) mass hierarchies. The regions where sensitivity loss is observed are limited to the area around no sensitivity region without NSI in Fig. 24 . We note that the impact of turning on the systematic uncertainties in the manner of Choice R produces a sizable effect. We note that if sin 2 2θ 13 < ∼ 10 −4 , for some range of δ the mass hierarchy can not be determined even if we include the far detector at 7000 km (see the bottom panels of Fig. 25 ). Now let us examine the case where ε eτ is turned on, whose results are shown in Fig. 26 . The organization of Fig. 26 is as follows; The 1st (2nd) row panels are for case where no NSI, or the one below discovery limit, is assumed in the input, for the near detector alone (near and far ones combined). The 3rd (4th) row panels are for non-vanishing input value of ε eτ within the discovery region both at the near detector alone (combined ones). Fig. 24 but for non-zero ε eµ . In the upper panels the input ε eµ = 0, but we allow it to be non-zero in the fit. In the lower panels the input is |ε eµ | = 10 −3 and φ eµ = 7π/4.
Let us first look at the case where no NSI is considered in the input. If we consider only the near detector at L = 3000 km, the region where the mass hierarchy can be disentangled severely shrunk when NSI is switched on. It is the case for both input hierarchies. We note that, compared to the case of ε eµ , the effects of the systematic uncertainties are least prominent for the near detector alone (see the 1st row of Fig. 26 ). It becomes impossible to resolve it if sin 2 2θ 13 < ∼ 10 −3 , and the sensitivity is lost for some values of δ at larger values of sin 2 2θ 13 . However, by looking the 2nd row of Fig. 26 we observe that the power of the synergy of the two detectors is quite strong so that the combination of the two detector allows us to determine the mass hierarchy for most of the parameter regions we considered in this paper even in the presence of very small ε eτ .
Then, what happens if (input vale of) ε eτ is not so small? As seen in the 3rd row panels of Fig. 26 , it strongly aggravates the mass hierarchy determination. For instance, if the input hierarchy is normal (left panel) the hierarchy is undetermined if sin 2 2θ 13 < ∼ a few ×10 −3 . If the input hierarchy is inverted (right panel) sensitivity to the hierarchy very much depends on δ and it can be determined down to sin 2 2θ 13 < ∼ 10 −3 only in a limited region of δ. In the bottom panels of Fig. 26 we show the result of combining the near and the far detectors. Even with this combination there is a small region where the mass hierarchy is not determined.
We note that compared to the ε eµ element, the impact of the detection efficiencies, background and systematic uncertainties is relatively small. It appears that this is partly because the impact of non-zero ε eτ itself is already large before inclusion of the uncertainties. Fig. 25 but for non-zero ε eτ . In the upper panels the input ε eτ = 0, but we allow it to be non-zero in the fit. In the middle panels the input is |ε eτ | = 2 × 10 −2 and φ eτ = π/4. In the lower panels we present the result of the combination of the detectors at 3000 and 7000 km for the input (|ε eτ | = 2 × 10 −2 , φ eτ = π/4).
VIII. CONCLUSIONS
In this paper, we have studied the question of how to distinguish between physics effects due to SI and NSI in neutrino oscillations. They include, most notably, discriminating effects of possible non-standard CP violation due to phases associated with the NSI elements from the standard CP violation caused by the lepton KM phase δ, and vice versa. They also include a related question of how NSI affects the determination of the neutrino mass hierarchy. Our study was done in the context of a future neutrino factory endowed with an intense muon storage ring of 50 GeV, delivering 10 21 useful µ-decays a year and operating for 4 years in neutrino and 4 years in antineutrino modes. We assumed two magnetized iron detectors, one at 3000 km and the other at 7000 km from the neutrino source, each with 50 kton fiducial mass. We considered only data from the golden channels ν e → ν µ andν e →ν µ .
In this work we have considered NSI effects only in the neutrino propagation, and turned on only one of the relevant NSI elements for the golden channel, ε eµ = |ε eµ |e iφeµ or ε eτ = |ε eτ |e iφeτ . Since neutrino oscillation in such a system is very complicated we have studied the effect of a single ε (two real parameters) at a time. We have fixed the values of the standard oscillation parameters at their current best fit values, expect for sin 2 2θ 13 , δ and sign of ∆m 2 31 , which we also vary freely in our analysis. Prior to the presentation of the full discovery potential of NSI and SI parameters we have analyzed the structure of neutrino oscillation with NSI. We have utilized the bi-probability plot in P (ν e → ν µ ) − P (ν e →ν µ ) space, which are drawn by varying either NSI phase φ or the KM phase δ, to illuminate the characteristic properties of the neutrino oscillation in systems with NSI. It revealed to be a powerful tool to understand the synergy between the two detectors, and the difference between the ε eµ and ε eτ systems. Furthermore, we have given an overview of the sensitivities to NSI and the SI parameters by classifying the data set of allowed region contours into four different types depending upon the degree of synergy between the near and far detector measurements.
Most notably, we have observed in the near detector measurement the phenomenon of parameter degeneracy which is similar to the one in standard neutrino oscillation but with active participation of NSI effects. Though it is a highly complicated problem, we were able to control it analytically in the restricted setting in the presence of only a single type of ε. The NSI enriched parameter degeneracy discussed in this paper contains the ∆m 2 31 -sign flipped degeneracy, the intrinsic one, and the one called the φ−degeneracy. The last one is the special case of the more generic cases, but it is best characterized as the φ−degeneracy because the solutions are different essentially only by the values of φ. We have shown that these degeneracies are very robust against spectrum analysis and so can potentially disrupt the resolution of CP violation and the mass hierarchy. However, it is also observed that in many cases the parameter degeneracies can be resolved by adding the far detector. This is why, especially for NSI due to ε eτ , the inclusion of the 7000 km detector is imperative.
We have analyzed the discovery potential of NSI with our setup, by performing two typical cases of χ 2 analyses, Choice R and Choice O as defined in Sec. III, with and without detection efficiency function, background and systematic uncertainties, respectively. In the range of SI parameters covered in this paper and independent of the neutrino mass hierarchy, we have established that measurements performed by a single detector at 3000 km can discover NSI due to ε eµ down to |ε eµ | ∼ 10 −3 − 10 −4 (Choice O) and a few to several times larger than these for Choice R, the exact value depending on φ eµ . In the ε eµ system, inclusion of the far detector does not improve this much. However, in the case of the discovery of NSI due to ε eτ the synergy between the two detectors is very strong. Although one can only hope to reach down to |ε eτ | ∼ a few ×10 −2 (Choice R) with the near detector at 3000 km, the inclusion of the far detector makes the sensitivity to ε eτ similar to that for ε eµ . We have identified through the discussions in Secs. II and IV why such disparity between sensitivities in the ε eµ and the ε eτ systems arises. We note that taking into account the non-perfect detection efficiencies, non-zero backgrounds and systematic uncertainties change sensitivities a few to one order of magnitude.
We have also investigated the potential to unravel CP violation associated with NSI using such an experiment. We have concluded that to establish CP violation associated with φ eµ the addition of the second detector indeed helps. For both mass hierarchies, if 0.2 < ∼ φ eµ /π < ∼ 0.8 or 1.2 < ∼ φ eµ /π < ∼ 1.9 we can discover non-standard CP violation promoted by this phase down to |ε eµ | ∼ (a few -several) × 10 −3 (for Choice R, depending on sin 2 2θ 13 and δ) at 3 σ CL. For CP violation associated with φ eτ the synergy between the two detectors is more efficient than the one in the φ eµ system. The near detector alone gives poor sensitivities but after combining two detectors, if 0.1 < ∼ φ eτ /π < ∼ 0.8 or 1.2 < ∼ φ eτ /π < ∼ 1.9, we can identify the effect of non-standard CP violation down to |ε eτ | ∼ a few × 10 −3 − 10 −2 (for Choice R, depending on sin 2 2θ 13 and δ) at 3 σ CL, independently of the neutrino mass hierarchy. Improvement of the systematic uncertainties does affect the sensitivity to non-standard CP violation by a factor of a few but not so dramatically.
We have also checked to what extent the existence of NSI can aggravate the discovery potential of standard CP violation in the δ − sin 2 2θ 13 plane. We have observed that NSI effects induced by ε eµ (either with a magnitude below or above the discovery reach of our setup) will not spoil much the discovery potential of standard CP violation with respect to the standard case, even if we have a single detector at 3000 km. Nevertheless, NSI effects induced by ε eτ are potentially harmful if only the near detector is considered, even for values of |ε eτ | below the sensitivity reach. Fortunately, the discovery potential possessed by the setting without NSI is essentially recovered by the inclusion of an additional detector at 7000 km. We have checked that these conclusions do not depend on the input neutrino mass hierarchy.
Finally, we have studied the impact of NSI on the resolution of the neutrino mass hierarchy. For non-zero ε eµ , with the near detector at 3000 km, we observe a slight but not very significant decrease of the region in the δ − sin 2 2θ 13 plane where the neutrino mass hierarchy can be established. By adding the far detector at 7000 km, one can distinguish the mass hierarchy for almost all values of δ if sin 2 2θ 13 > ∼ 10 −4 . For non-zero ε eτ , the region where the mass hierarchy can be determined with the near detector alone severely shrinks. Here again, the power of the combination of two detectors is sufficiently strong, allowing the mass hierarchy to be determined in almost the whole parameter space of δ and θ 13 considered in this work (except for a small region if |ε eτ | is rather large). We observe that the impact of non-perfect detection, background and systematic uncertainties on the determination of the mass hierarchy is somewhat larger for the case where ε eµ is present than for the case where ε eτ is, though the effect of the latter is already large without these factors.
APPENDIX A: EXPRESSION OF THE APPEARANCE OSCILLATION PROB-ABILITY FOR THE BI-PROBABILITY PLOT
The appearance oscillation probability in the neutrino channel in system with ε eα (α = µ, τ ) are given by P (ν e → ν µ ) = A eα + B eα cos(δ + φ) + C eα sin(δ + φ) + R eα cos φ + I eα sin φ, (A1) with the coefficients 
The analogous expression of P (ν e → ν µ ) with ε eτ can be obtained from (3), or by noting that they originally appear in the particular combination of the generalized atmospheric and the solar variables [34] though it is obscured a little in (3) . (See Eq. (6.5) in [34] .) The probability for anti-neutrino can be obtained from the one for neutrinos by doing transformations a → −a, δ → −δ, and φ → −φ.
APPENDIX B: UNDERSTANDING ROTATING ELLIPSES IN THE BI-PROBABILITY PLOT
It can be easily shown that the bi-probability trajectory drawn by varying φ holding δ fixed (or, vice versa) takes the form of ellipse. We obtain the equation which determines the major (minor) axis from (4) ∂ ∂φ (S cos φ + T sin φ) 2 + (S cos φ −T sin φ) 2 = 0,
where S ≡ R + B cos δ + C sin δ T ≡ I − B sin δ + C cos δ S ≡R +B cos δ −C sin δ T ≡Ī +B sin δ +C cos δ.
Hence, the slope of the major axis, α varyφ , is given by α varyφ =S cos φ max −T sin φ max S cos φ max + T sin φ max ,
where
so the slope of the axis is independent of the value of |ε eα |. The δ dependence of α varyφ are plotted in Fig. 27 . The slope of the major axis is mostly negative and positive in the ε eµ and ε eτ systems, respectively. When θ 13 is small, the coefficients of δ independent term (R and I) relatively play the dominant role in (B3), the rotating behavior of the ellipse is soft. On the other hand, the slope of the major axis changes dramatically in the region around δ = π with large θ 13 as we saw in the Figs. 1 and 2. The slope of the major axis of the ellipse which is made by varying φ in the ε eµ (ε eτ ) system. sin 2 2θ 13 = 10 −3 (10 −4 ) for the red solid (blue dashed) line. α varyφ is independent of |ε eα |.
Similarly, we can work out the behavior of slopes as a function of φ in the case of the bi-probability trajectory drawn by varying δ by holding φ. Skipping details, we present the results of the slope α varyδ of δ-varied bi-probability plots in Fig. 28 . We observe the similar rotating behavior of the bi-probability diagram as in the δ-varied ellipses. 
APPENDIX C: VARIOUS DEGENERATE SOLUTIONS AND ANALYTIC SO-LUTIONS
We note that for a given true solution, it is possible to obtain degenerate solutions using analytic expressions as follows. To do this let us take the analytic expression of the appearance oscillation probabilities P (ν e → ν µ ) in (3) (and its anti-neutrino counterpart) with the notation P (ν e → ν µ ) ≡ P eµ (δ, θ 13 , |ǫ eα |, φ eα ; E) (α = µ, τ ). Since the number of unknown parameters are four, θ 13 , δ, |ε|, and φ, we need four observable quantities. We take the oscillation probabilities P (ν e → ν µ ) and P (ν e →ν µ ) at two different energies E 1 and E 2 for these four inputs. Taking the assumed input values of the four parameters given in the caption of Fig. 11 and Fig. 12 , we solve the equations P eµ (δ true , θ numerically to obtain the degenerate solutions to where the superscript "D" is attached. To solve (C1) we arbitrarily take two reference energies as E 1 = 10 GeV and E 2 = 20 GeV. Fig. 11 but with φ eµ = 3π/4 as given in the first row. See the text for explanation of what "approximate solution of (C1)" means in the first column of the Table. In Tables III and IV we present examples of such degenerate solutions for the system with ε eµ and ε eτ , respectively. The first column of Tables III and IV is to specify the nature of the solutions. The label "approximate solution of (C1)" implies the following situation: By solving (C1) with the input parameters in the second column we obtain a complex solution nature of the solution hierarchy sin 2 2θ 13 δ |ε eτ | φ eτ input (Fig. 12 which cannot be regarded as the physical one. The solutions given in Table III are real numbers which are close enough to the complex solutions. It should also be noticed that the degeneracy equations (C1) sometimes have solutions which do not survive in a form of allowed contours as a results of analysis of neutrino factory measurement at L = 3000 km. For example, there is a solution sin 2 2θ 13 = 0.0028, δ = 3.5, |ε eµ | = 0.008, and φ eµ = 5.1 for the same input as given in Table III . We have confirmed that this solution indeed solves the equation (C1) at E = 10 GeV and E = 20 GeV, but the oscillation probabilities deviate from the input ones at elsewhere in the energy spectra. Therefore, the degenerate solution was lifted by the spectral informations used by our numerical analysis.
In Tables V-VI we also show some other examples. Table V is similar table as Table III . Input values of parameters are close to the first solution of Table III. Therefor the solutions of this set are very similar to Table III's. These relationship exists in the system with ǫ eτ too. In Table VI , input values of parameters of upper set are close to the first solution of lower set with similar another solution. 
